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Starting from coupled Gross-Pitaevskii equation (GPE) describing the dynamics of binary Bose
Einstein Condensate (BEC), we have explored the dynamics of the width of initial wave-packets by
following two different approaches. We have followed a recent coherent state based approach and
have shown that in binary BEC the oscillation of the width of the wave packet can give rise to
instability at a certain condition. Alternately we have proceeded by considering the trial ground
state solutions for both the species and through the Ehrenfest theorem shown the existence of an
instability which may lead to phase separation of the two species.
PACS numbers: 05.30.Jp, 03.65.Ta, 03.75.Kk, 03.75.Mn,
I. INTRODUCTION:
The successful experimental achievements of BEC in
1995 in series of experiments of dilute atomic gases of
Rb [1, 2], Na [3], Li [4] have created an interesting field
of physics of cold dilute atomic gases. Both in theory and
experiment this field of trapped BEC has revealed var-
ious interesting phenomena. Gross-Pitaevskii equation
(GPE) was first developed to describe identical bosons by
Gross [5] and Pitaevskii [6] in 1961, independently and
since then it remains a widely used model in different
areas of physics, such as quantum mechanics, condensed
matter physics, nonlinear optics etc. After the enormous
success of GPE in explaining almost all of the features
of Bose Einstein condensate in the mean field level, cou-
pled GPE has gained sufficient attraction to explain the
binary species problem.
The first two component condensate was produced
with different hyperfine states of Rb87. The experi-
ments on Rb87 atoms occupying the hyperfine states
|F = 1,mF = −1〉 and |F = 2,mf = 1〉 have been
done by JILA group(Myatt et al.,1997). Later the group
in MIT has been able to trap atoms in F=1 with differ-
ent mF values using optical methods. Not only for same
species with two different hyperfine states but also huge
efforts have been given to prepare binary BEC with two
different atomic species K-Rb [7] and Cs-Li [8]. Even the
multicomponent BEC has been generating sufficient in-
terest. Among the features of BEC in trapped gases are
the spatial inhomogeneity created by the trapping po-
tential [9], the interplay of coherent and nonlinear phe-
nomena [10–12], collective oscillations [13, 14], vortex
formation[15], Josephson tunneling [16, 17] etc. Many
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such problems have already been addressed in recent lit-
erature by using the semi-classical theory introduced by
Gross and Pitaevskii. In particular, the multispecies con-
densation and phase separation [18–20] have led to sev-
eral theoretical and experimental investigations. In this
work we will revisit the dynamics of the 1D binary BEC
system, entirely from analytical perspective, using some
interesting new insights that have been produced for the
single component system [21].
Gaussian wave packets are minimum energy wave
packets and are the coherent states for the simple har-
monic oscillator in quantum mechanics. Recently these
coherent states have been quite relevant in case of BEC
[21] as the existence of coherent state signifies the preser-
vation of condensate without any diffusion of atoms from
it. These coherent states are the states observed from the
reference frame which are associated with the trajectory
of classical and non-interacting particles. It has been
found that the spreading of initial wave packet due to the
repulsive nonlinear terms in GPE is strongly diminished
by the harmonic trapping potential and shape of the wave
packet remain unchanged with time [21]. Quantum dy-
namics in presence of repulsive non-linearity in harmonic
confining potential has become quite understandable by
considering the coherent state initially. The existence
of this coherent state in harmonic trapping potential for
single species BEC serves as the motivation to investi-
gate whether the formation of coherent state is possible
or not in case of the multispecies problem. If it exists
then an interesting offshoot can be the phase separation
possibility in terms of coherent states. In this paper we
have defined the coherent state for a coupled GPE and
have shown the occurrence of an instability. Our article
is organized as follows. The coherent state construction
and the discussions regarding the stability of this state
is carried out in sec II. In Sec III, we use the Ehrenfest
point of view to arrive at qualitatively similar results.
We conclude with a brief summary in sec IV.
2II. COHERENT STATE BASED APPROACH:
In this section by following a recent coherent state
based approach [21] we will show how the concept of co-
herent state can be generalized in case of two species
BEC. We consider the coupled Gross Pitaevskii equation
with identical masses (m) and chemical potentials (µ)
of the species α and β but different repulsive non-linear
couplings (gα, gβ and gαβ).
i~∂tψα(x, t) = − ~
2
2m
∇2ψα(x, t) + Vext(x)ψα(x, t)
+
(
gα|ψα|2 + gαβ |ψβ|2 − µ
)
ψα
i~∂tψβ(x, t) = − ~
2
2m
∇2ψβ(x, t) + Vext(x)ψβ(x, t)
+
(
gβ|ψβ |2 + gαβ|ψα|2 − µ
)
ψβ ,
(1)
The two species are confined in the harmonic potential
(Vext(x) =
1
2mω
2) with normalization
∫ |ψα(x)|2dx =
Nα,
∫ |ψβ(x)|2dx = Nβ, where Nα and Nβ are the total
number of species α and β respectively. The coupling
constants are gα =
4pi~2aα
m , gβ =
4pi~2aβ
m , gαβ =
4pi~2aαβ
m ,
where aα and aβ are the s-wave scattering length of the
species α and β respectively, while aαβ is determined
when an atom of species α is scattered by one of species
β. Since we are searching for a coherent state, we need
to find a form of wave packet which remains of the same
shape in course of evolution. Hence the following can be
a trial solution of Eq. (1):
ψα(x, t) = φα(x− x0α(t), t)e
ip0α(t)
~
(
x− x0α(t)2
)
ψβ(x, t) = φβ(x− x0β(t, t))e
ip0β(t)
~
(
x−x0β (t)2
) (2)
These solutions represent traveling wave packets be-
ing translated along the phase space which is 4 di-
mensional in our case. The phase space trajectory of
(x0α(t), x0β(t), p0α(t), p0β(t)) will act as the reference
frame for the coherent states if it coincides with the
phase-space trajectory of a classical, non-interacting par-
ticle. This constraint dictates that the trajectory will be
governed by the following sets of dynamical equations:
x˙0α(t) =
p0α(t)
m
x˙0β(t) =
p0β(t)
m
p˙0α(t) = −∂Vext
∂x
∣∣∣
x0α(t)
p˙0β(t) = −∂Vext
∂x
∣∣∣
x0β(t)
(3)
Following the same arguments as in [21] in case of bi-
nary species, we can conclude that from this special ref-
erence frame as described above, the quantum equation
of motions for α and β take the following form in a har-
monic potential.
i~∂tφα = − ~
2
2m
∇2φα + Vext(x)φα
+
(
gα|φα|2 + gαβ|φβ |2 − µ
)
φα
i~∂tφβ = − ~
2
2m
∇2φβ + Vext(x)φβ
+
(
gβ |φβ |2 + gαβ|φα|2 − µ
)
φβ ,
(4)
In [21] the argument is given for single species but this
argument can remain valid for any multispecies prob-
lem as long as one is dealing with the trajectory of non-
interacting particles. The coherent states of coupled
GPE can be described by the stationary states of cou-
pled GPE governed by the equations below.
(
− ~
2
2m
∇2 + Vext + gα|φ0α|2 + gαβ |φ0β |2
)
φ0α = µφ0α(
− ~
2
2m
∇2 + Vext + gβ |φ0β |2 + gαβ |φ0α|2
)
φ0β = µφ0β ,
(5)
Where,
ψ0α(x, t) = φ0α(x− x0α(t))e
ip0α(t)
~
(
x− x0α(t)2
)
ψ0β(x, t) = φ0β(x− x0β(t))e
ip0β(t)
~
(
x− x0β(t)2
) (6)
are the time dependent exact solution of coupled GPE
given in Eq. (1).
We now need to study the stability of the coherent
state against shape deformation. We perturb the coher-
ent state solution φ0α and φ0β and are interested to know
the stability of the time dependent solution given by Eq.
(6). For this we take, φα = φ0α+δφα and φβ = φ0β+δφβ .
Substituting this expressions in Eq. (4) we get the fol-
lowing pair of equations:
i~∂tδφα =
(
− ~
2
2m
∇2 + V˜ext + 2gα|φ0α|2 + gαβ |φ0β |2
)
δφα
+ gαφ
2
0αδφ
∗
α + gαβφ0α
(
φ∗0βδφβ + φ0βδφ
∗
β
)
(7)
i~∂tδφβ =
(
− ~
2
2m
∇2 + V˜ext + 2gβ|φ0β |2 + gαβ |φ0α|2
)
δφβ
+ gβφ
2
0βδφ
∗
β + gαβφ0β
(
φ∗0αδφα + φ0αδφ
∗
α
)
, (8)
where, V˜ext = Vext − µ and we are taking real φ0α and
φ0β such that φ
2
0α = |φ0α|2 = nα and φ20β = |φ0β |2 =
nβ respectively. Considering δφα =
∑
i
(
uiα(x)e
−iωit −
v∗iα(x)e
iωit
)
and δφβ =
∑
i
(
uiβ(x)e
−iωit − v∗iβ(x)eiωit
)
and keeping only the linear term in δφα and δφβ , we
obtain the following sets of equations for species α from
(7) and its complex conjugate.
3(1 + 2ξǫi)uiα = −ξ2∆uiα + x2uiα + n¯α(2uiα − viα)
+cβn¯βuiα + cβ
√
gβ
gα
n¯β
√
n¯α
n¯β
(uiβ − viα) (9)
(1− 2ξǫi)viα = −ξ2∆viα + x2viα + n¯α(2viα − uiα)
+cβn¯βviα + cβ
√
gβ
gα
n¯β
√
n¯α
n¯β
(viβ − uiα)(10)
To obtain Eq. (9) we re-scaled x as x˜ = xl where
l =
(
2µ
mω2
)1/2
is characteristic size of the condensate.
We define a parameter ξ = ~ω2µ and under Thomas Fermi
approximation ξ ≪ 1 [22]. We write ~ωi = ǫi~ω and
we have defined gαnαµ = n¯α,
gβnβ
µ = n¯β,
gαβnα
µ = Cαn¯α
and
gαβnβ
µ = Cβn¯β where, Cβ =
gαβ
gβ
and Cα =
gαβ
gα
. For
simplicity of notation after re-scaling in the above way
we put x in place of x˜. We write ∂
2
∂x2 = ∆ and ~ωi = ǫi~ω.
Adding and subtracting Eq. (9) and Eq. (10) and con-
sidering uiα± viα = fpmiα , we get the following equations:
f+iα + 2ξǫif
−
iα =
(− ξ2∆+ x2 + n¯α + Cβn¯β)f+iα (11)
f−iα + 2ξǫif
+
iα =
(− ξ2∆+ x2 + 3n¯α + Cβn¯β)f−iα
+2Cβ
√
gβ
gα
n¯β
√
n¯α
n¯β
f−iα (12)
After doing the similar calculation for species β, we find
following equations:
f+iβ + 2ξǫif
−
iβ =
(− ξ2∆+ x2 + n¯β + Cαn¯α)f+iβ (13)
f−iβ + 2ξǫif
+
iβ =
(− ξ2∆+ x2 + 3n¯α + Cαn¯α)f−iβ
+2Cα
√
gα
gβ
n¯α
√
n¯β
n¯α
f−iβ (14)
After doing few steps and neglecting the terms con-
taining ξ2 and considering f±iα = (1 − x2)±1/2ηα(x) and
f±iβ = (1 − x2)±1/2ηβ(x) we get finally the following two
coupled equations:
(1− x2)d
2ηα
dx2
− 2xdηα
dx
+ Cβ
√
1− Cα
1− Cβ
√
gβ
gα
[
(1− x2)d
2ηβ
dx2
−2xdηβ
dx
]
+
2
1− Cβ ǫ
2
i ηα = 0
(1− x2)d
2ηβ
dx2
− 2xdηβ
dx
+ Cα
√
1− Cβ
1− Cα
√
gα
gβ
[
(1− x2)d
2ηα
dx2
−2xdηα
dx
]
+
2
1− Cα ǫ
2
i ηβ = 0
(15)
If we consider gαβ = 0 in any of the equations given in
Eq. (15), we recover the equation for single species BEC
[22]:
(1− x2)d
2η
dx2
− 2xdη
dx
+ 2ǫ2i η = 0 (16)
Eq. (16) leads to the well known dispersion relation for
single species
Ei = ~ωi = ~ω
√
n(n+ 1)
2
(17)
where n = 1 for ground state solution.
Consider the special case gα = gβ, so that Cα = Cβ =
C, in our binary species problem, we find by adding the
pair of equations in Eq. (15):
(1 − x2)d
2θ
dx2
− 2xdθ
dx
+
2ǫ2
1− C2 θ = 0 (18)
where, θ = ηα + ηβ . The eigen values are now given by
ωi = ω
√
1− C2
√
n(n+1)
2 . We note that ωi vanishes at
C = 1 signaling an instability. This implies gαβ = gα.
It is important to note that our instability criterion is
consistent with
gαβ >
√
gαgβ (19)
Condition (19) is well known in literature for causing the
phase separation in binary BEC [18] and here we have de-
rived the condition from coherent state based approach.
III. EVOLUTION OF THE WAVE PACKET
THROUGH EHRENFEST LIKE APPROACH:
We begin with the 1D coupled time dependent GPE of
the following form:
i~∂tψα =
(
− ~
2
2m
∇2 + Vext + gα|ψα|2 + gαβ |ψβ |2
)
ψα
i~∂tψβ =
(
− ~
2
2m
∇2 + Vext + gβ|ψβ |2 + gαβ |ψα|2
)
ψβ
(20)
The normalization, external confining potential and the
coupling constants have the same form as taken in the
previous section. For Vext(x) =
1
2ω
2x2, appropriate
rescalings can be done to write Eqs. (20) in the dimen-
sionless form:
i∂tψα =
(
− 1
2
∇2 + 1
2
Ω2x2 + gα|ψα|2 + gαβ|ψβ |2
)
ψα
i∂tψβ =
(
− 1
2
∇2 + 1
2
Ω2x2 + gβ|ψβ |2 + gαβ|ψα|2
)
ψβ
(21)
We now consider the following trial ground state solution
for Eq. (21).
ψα(x, t) =
√
Nα
(2πW 2α)
1/4
e
− (x−x0α(t))2
4W2α eip0α(x−
x0α
2 )
ψβ(x, t) =
√
Nβ
(2πW 2β )
1/4
e
− (x−x0β (t))
2
4W2
β eip0β(x−
x0β
2 )
(22)
4The expectation value is defined as usual as 〈x〉α =∫
xψα(x)ψ
∗
αdx. Differentiating with respect to time:
x˙0α = 〈x˙〉α =
∫
[
∂ψα
∂t
xψ∗α +
∂ψ∗α
∂t
xψα]dx
x˙0β = 〈x˙〉β =
∫
[
∂ψβ
∂t
xψ∗β +
∂ψ∗β
∂t
xψβ ]dx
(23)
With the help of Eq. (21), the above reduce to
Nαx˙0α =
i
2
∫ (
ψα∂xψ
∗
α − ψ∗α∂xψα
)
dx
Nβx˙0β =
i
2
∫ (
ψβ∂xψ
∗
β − ψ∗β∂xψβ
)
dx
(24)
Applying Eq. (22) in Eq. (24) we obtain the Ehrenfest
equations:
x˙0α = p0α
x˙0β = p0β
(25)
Similarly for 〈p〉, we have ddt 〈p〉 = ddt〈ψ∗(x)
(−i ddx)ψ(x)〉.
With the help of Eq. (21) and Eq. (22) we arrive at the
following pair of equations.
˙p0α = −Ω2x0α + Nβ√
2π
gαβ∆x
W 3
e−
∆x2
2W2
˙p0β = −Ω2x0β − Nα√
2π
gαβ∆x
W 3
e−
∆x2
2W2
(26)
where, x0α − x0β = ∆x and (W 2α + W 2β )1/2 = W . We
also have 〈x2〉 = ∫ x2ψ∗ψdx and taking time derivatives
twice (details are described in Appendix A):
WαW¨α + W˙ 2α =
1
4W 2α
− Ω2W 2α +
gα
4
√
π
Nα
Wα
+
gαβ
2
Nβ√
2πW 2
e−
∆x2
2W2
[
1 + 2
x0α∆x
W 2
]
WβW¨β + W˙ 2β =
1
4W 2β
− Ω2W 2β +
gβ
4
√
π
Nβ
Wβ
+
gαβ
2
Nα√
2πW 2
e−
∆x2
2W2
[
1 + 2
x0β∆x
W 2
]
(27)
In absence of g’s, the equilibrium width for both the
species are equal and given by: Wα|eq = ( 14Ω2 )1/2 =
Wβ |eq = Weq . Defining, σα = WαWeq , σβ =
Wβ
Weq
, σ =
W
Weq
= (σ2α + σ
2
β)
1/2. Rewriting Eq. (27) in terms of σ’s:
σασ¨α + σ˙2α = 2Ω
2
[ 1
σ2α
− σ2α +
gαNα√
2πΩσ2α
+
gαβNβ√
πΩσ2
e−
∆x2
2W2 (1 + 4Ω
x0α∆x
σ2
)
]
σβ σ¨β + σ˙2β = 2Ω
2
[ 1
σ2β
− σ2β +
gβNβ√
2πΩσ2β
+
gαβNα√
πΩσ2
e−
∆x2
2W2 (1 + 4Ω
x0β∆x
σ2
)
]
(28)
We can consider three interesting cases:
A. x0α = x0β :
Under this condition Eq. (28) reduces to the following
form:
σασ¨α + σ˙2α = 2Ω
2
[ 1
σ2α
− σ2α +
gαNα√
2πΩσ2α
+
gαβNβ√
πΩσ2
]
σβ σ¨β + σ˙2β = 2Ω
2
[ 1
σ2β
− σ2β +
gβNβ√
2πΩσ2β
+
gαβNα√
πΩσ2
](29)
We will do a linear stability analysis for both the species
around the equilibrium width σα|eq and σβ |eq:
σα(t) = σα|eq(g) + δσα(t)
σβ(t) = σβ |eq(g) + δσβ(t)
Keeping only the linear terms in δσα and δσα, we obtain
the following two coupled differential equation:
¨δσα(t) + ωα1δσα(t) + ωα2δσβ(t) = 0
¨δσβ(t) + ωβ1δσβ(t) + ωβ2δσα(t) = 0
(30)
Where,
ωα1 = Ω
2[2 +
2
σα|4eq
+
gαNα√
2πΩ
1
σα|3eq
+
gαβNβ√
πΩ
1
(σα|2eq + σβ |2eq)3/2
]
ωα2 = Ω
2(
σβ|eq
σα|eq
gαβNβ√
πΩ
1
(σα|2eq + σβ |2eq)3/2
)
ωβ1 = Ω
2[2 +
2
σβ |4eq
+
gβNβ√
2πΩ
1
σβ |3eq
+
gαβNα√
πΩ
1
(σα|2eq + σβ |2eq)3/2
]
ωβ2 = Ω
2(
σα|eq
σβ |eq
gαβNα√
πΩ
1
(σβ |2eq + σα|2eq)3/2
)
(31)
So the width of both the species will perform coupled
oscillation around their equilibrium width. To check the
stability of the coupled oscillation, we need to find the
normal mode frequencies ω from:∣∣∣∣ −ω2 + ωα1 ωα2ωβ2 −ω2 + ωβ1
∣∣∣∣ = 0
The frequencies are:
2ω2 = ωα1 + ωβ1 ±
√
(ωα1 + ωβ1)2 − 4(ωα1ωβ1 − ωα2ωβ2)
(32)
The above expression suggests that if ωα1ωβ1 <
ωα2ωβ2, ∆x = 0 condition can in principal gives rise
to instability. In another words, though both the wave
packets are at the same position, the widths need not
be oscillatory and there can be a shape instability in the
system.
5B. x0α 6= x0β with constant (p0α − p0β):
This implies that at long time limit (∆t→∞), e−∆x =
e−∆t(pα−pβ) ≃ 0. Hence in this case Eq. (28) reduces to:
σασ¨α + σ˙2α = 2Ω
2
[ 1
σ2α
− σ2α +
gαNα√
2πΩσ2α
]
σβ σ¨β + σ˙2β = 2Ω
2
[ 1
σ2β
− σ2β +
gβNβ√
2πΩσ2β
] (33)
So after a long time, the width equations for both the
species are decoupled and the width of each of the con-
densate will fluctuate around their mean equilibrium
value independently obeying the following equations .
δσ¨α + ω˜αδσα(t) = 0
δσ¨β + ω˜βδσβ(t) = 0
(34)
Where,
ω˜α = Ω
2
[
2 +
2
σα|4eq
+
gαNα√
2πΩ
1
σα|3eq
]
ω˜β = Ω
2
[
2 +
2
σβ |4eq
+
gβNβ√
2πΩ
1
σβ |3eq
]
C. x0α 6= x0β with variable p0α and p0β:
With the help of Eq. (25 and Eq. (26) we get the
following set of dynamical equations:
¨x0α = ˙p0α = −Ω2x0α + Nβ√
2π
gαβ∆x
W 3
e−
∆x2
2W2
¨x0β = ˙p0β = −Ω2x0β − Nα√
2π
gαβ∆x
W 3
e−
∆x2
2W2
(35)
The fixed points of the above system are x∗0α and x
∗
0β
and are to be obtained by equating to zero the rhs. of
Eq. (35).
We now consider the stability. By writing x0α = x
∗
0α+
δx0α and x0β = x
∗
0β + δx0β and doing a linear stability
analysis we find the following structure.
(
δx0α
δx0β
)( −Ω2 +Nβ g˜ −Nβ g˜
−Nαg˜ −Ω2 +Nαg˜
)
=
(
δx¨0α
δx¨0β
)
where, g˜ = 1√
2pi
gαβ
W 3 . The eigen values of the coefficient
matrix given above are λ± = 12 [(g˜N − 2Ω2)± g˜N ] where
N = Nα +Nβ. Instability can occur in the system if
N >
Ω2
g˜
gαβ >
√
2π
Ω2
N
(W 2α +W
2
β ) (36)
To understand the nature of the instability we note that
from Eq. (35), on subtracting one from the other,
∆¨x = −dVeff
dx
where
Veff =
Ω2
2
(∆x)2 +
N√
2π
gαβ
W
e−
∆x2
2W2 (37)
Now if we plot this effective potential with gαβ as pa-
rameter we find that the effective potential is simple har-
monic when gαβ = 0. But as we increase gαβ a barrier
 0
 0.5
 1
 1.5
 2
 2.5
 3
 3.5
-6 -4 -2  0  2  4  6
V
e
f
f
∆x
gαβ = 0gαβ = g1gαβ = g2gαβ = g3
FIG. 1: Schematic diagram of Veff with ∆x for different
values of gαβ. When gαβ = 0, Veff remains a simple har-
monic potential. As the value of gαβ increases g3 > g2 > g1,
effective potential turns into the double well potential. At
sufficient strong value of gαβ given in condition IIIC insta-
bility occurs at δx = 0 and both of the species occupy the
minima of the double well separately.
grows inside the harmonic potential and for sufficiently
large gαβ the effective potential becomes a double well
potential and in this regime the phase separation occurs
with two species occupying the two minima separately.
IV. DISCUSSION:
We have generalized the idea of coherent states for sin-
gle species to the binary species case. The new concept
we have applied here can be extended to multi species
problem also. In sec II, we have shown the occurrence
of instability on coherent states under certain conditions
which is similar to the condition for phase separation
already obtained in literature both theoretically and ex-
perimentally. Here we have constructed the condition in
the context of coherent states. In sec III we have fol-
lowed the Ehrenfest approach and have shown the occur-
rence of instability and phase separation under certain
condition, effective potential in this regime being in the
6shape of double well. The transition of the effective po-
tential (Veff ) from simple harmonic potential to double
well due to the inclusion of gαβ signifies the occurrence of
instability and phase separation when there is sufficient
interspecies interaction.
Though these two approaches are somewhat different
conceptually, both of them may lead to an instability
which can be connected to a phase separation. For the
coherent state approach the implications of the instabil-
ity will be explored in greater detail in future.
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Appendix A: Derivation of Eq.(27):
d
dt 〈x2〉 = ddt
∫
x2ψ∗ψdx =
∫
ψ˙∗α(x)x
2ψ(x)]dx +∫
ψ˙α(x)x
2ψ∗alphadx and applying Eq. (21) for both the
species we get
d
dt
〈x2〉α = i
∫
x
(
ψα∂xψ
∗
α − ψ∗α∂xψα
)
dx
d
dt
〈x2〉β = i
∫
x
(
ψβ∂xψ
∗
β − ψ∗β∂xψβ
)
dx
(A1)
We take another time derivative of Eq. (A1) and ap-
ply Eq. (21) again. Then with the application of the
property of Gaussian i.e, 〈x2〉α = x20α +W 2α for the wave
packet of species α and 〈x2〉β = x20β + W 2β for that of
species β, Eq. (A1) leads to the followings:
x0α ¨x0α +
˙x20α +WαW¨α + W˙
2
α =
1
4W 2α
+ p20α − Ω2(W 2α + x20α)
+
gα
4
√
π
Nα
Wα
+
gαβ
2
Nβ√
2πW 2
e−
∆x2
2W2
[
1 + 2
x0α∆x
W 2
]
x0β ¨x0β +
˙x20β +WβW¨β + W˙
2
β =
1
4W 2β
+ p20β − Ω2(W 2β + x20β)
+
gβ
4
√
π
Nβ
Wβ
+
gαβ
2
Nα√
2πW 2
e−
∆x2
2W2
[
1 + 2
x0β∆x
W 2
]
(A2)
With the help of Eq. (25) and Eq. (26) we reach into
Eq. (27).
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